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Abstract. In this paper, we present a principled method to model gen-
eral planar sliding motion with distributed patch contact between two
objects undergoing relative sliding motion. The effect of contact patch
can be equivalently modeled as the contact wrench at one point contact.
We call this point equivalent contact point (ECP). Our dynamic model
embeds ECP within the Newton-Euler equations of slider’s motion and
friction model. The discrete-time motion model that we derive consists
of a system of quadratic equations relating the contact wrench and slip
speed. This discrete-time dynamic model allows us to solve for the two
components of tangential friction impulses, the friction moment, and the
slip speed. The state of the slider as well as the ECP can be computed
by solving a system of linear equations once the contact impulses are
computed. In addition, we derive the closed form solutions for the state
of slider for quasi-static motion. Furthermore, in pure translation, based
on the discrete-time model, we present the closed form expressions for
the friction impulses that acts on the slider and the state of the slider at
each time step. Our results are dependent on the rigid body assumption
and a generalized Coulomb friction model, which assumes that the con-
tact force and moment lies within a convex cone and the friction force is
independent of contact area. The results are not dependent on the exact
knowledge of contact geometry or pressure distribution on the contact
patch. Simulation examples are shown with both convex and non-convex
contact patches to demonstrate the validity of our approach.
1 Introduction
In robotic manipulation, a key problem is how to move an object from one config-
uration to another. There are two ways of manipulating objects, namely, prehen-
sile manipulation and non-prehensile manipulation. In prehensile manipulation,
the robot grasps the object and moves it so that all the external wrenches act-
ing on the object through manipulator or gripper during the motion is resisted.
In non-prehensile manipulation one manipulates an object without grasping the
object. Examples of non-prehensile manipulation includes throwing [1,2,3], bat-
ting [4,5], pushing [6,7,8,9] and vibratory motion [10,11].For non-prehensile ma-
nipulation, where the object being manipulated slides over a support surface, a
key aspect to designing planning and control algorithms is the ability to predict
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the motion of the sliding object. In this paper, our goal is to study the problem
of motion prediction of an object sliding on a support surface.
A key aspect of planar sliding motion is that there is usually a non-point
patch contact between the slider (or sliding object) and the support. The state
of the slider depends on the applied external forces and the friction forces which
distribute over the contact patch. The effect of the contact patch can be modeled
equivalently by the sum of the total distributed normal and tangential force
acting at one point and the net moment about this point due to the tangential
contact forces. This point is called the center of friction in [9]. If we assume
that the motion of the slider is quasi-static (i.e., the inertial forces are negligible
and thus the friction forces balance the applied forces) and center of mass lies
on the support plane, the center-of-friction directly coincide with the center of
mass, and closed-form expressions can be developed for motion prediction [6,8,9].
However, for dynamic sliding, when the inertial forces cannot be neglected and
center of gravity is above the support plane, the center of friction can vary within
the convex hull of the contact patch, and there is no method in the literature
for computing it.
The existing approach is to use a dynamic simulation algorithm with con-
tact patch usually approximated with three support points (chosen in ad-hoc
manner). The reason for choosing three support points is that most dynamic
simulation algorithms that are usually used for motion prediction implicitly as-
sumes a point contact model and choosing 3 support points ensure that the force
distribution at the three points is unique (if four or more points are used, the
force distribution will not be unique for the same equivalent force and moment
acting on the object). If the center of friction lies within the convex hull of the
chosen support points, the motion predicted will be accurate. However, if the
center of friction is outside the convex hull, then the predicted motion will not
be accurate. Furthermore, since we do not know the center of friction, we will
not know when the predicted motion is inaccurate. Note that the accuracy issue
arises here due to the ad hoc approximation of the patch contact and not due to
other sources of inaccuracy like contact friction model or model parameters.
In this paper, based on our previous work of nonlinear complementarity
problem-based dynamic time-stepper with convex contact patch [12], we present
a dynamic model for sliding, where no ad hoc approximation is made for the
patch contact. We model the patch contact with a point contact, called the
equivalent contact point (ECP). The ECP is defined as a unique point in the
contact patch where the net moment due to the normal contact force is zero [12].
We show that the computation of the contact forces/impulses and the state of
the object and ECP can be decoupled for planar sliding. The contact impulses
can be computed by solving four quadratic equations in four variables, namely,
the two components of tangential impulse, the frictional moment, and the slip
speed. The state variables, namely, the position, orientation, linear, and angular
velocities of the object as well as the ECP can be computed by solving a sys-
tem of linear equations once the contact impulses are computed. Note that the
ECP as defined here is the same as the center of friction. The presentation of
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the decoupled set of quadratic and linear equations for computing the contact
impulse, the ECP, and the state of the slider is the key contribution of this
paper. We show that closed form solutions for the state of the slider can be
derived for quasi-static motion (which is same as those previously obtained in
the literature). For pure translation also, closed form solutions can be derived
for the contact impulse, the state of the object and the ECP. We also present
numerical simulation results comparing the model that we derive to the solution
of the NCP model from [12]. Our results are dependent on the rigid body as-
sumption and a generalized Coulomb friction model, which assumes that (a) the
contact force and moment lies within a convex cone and (b) the friction force is
independent of contact area and only dependent on magnitude of normal force.
The results are not dependent on the exact knowledge of contact geometry or
pressure distribution on the contact patch.
2 Related Work
During sliding, friction plays an important role in determining the motion of
object. Coulomb’s friction law (also called Amonton, da vinci or dry friction
law) [13], which suggests that the friction force should be proportional to the
normal force and opposed to the direction of sliding is a popular friction model.
There have been many efforts to extend Coulomb’s law into general sliding pla-
nar motion [9,14,15,16] where one has to consider both force and moment due
to the contact. In [17], the authors presented a geometric description, which is
so called limit surface, for the relationship between the motion of the slider and
the total frictional support force. In [18], the authors present multiple approxi-
mations (square pyramids, cones and ellipsoids, etc.) for the limit surface based
on experimental results.
From basic physics, for patch contact, there exists a unique point on the
contact patch where the net moment due to the normal contact force is zero.
This point is called the center of friction. For pure translation, the system of
frictional forces arising in the contact patch may be reduced to a single force
acting through the center of friction [16]. In [9], based on the concept of center of
friction, the authors develop the voting theorem to determine whether an object
will rotate and in which direction when it is pushed. However, in general, com-
puting the center of friction from it’s definition is not possible without knowing
the pressure distribution between the two sliding objects. Therefore, previous
models for sliding motion [6,8] make assumptions like quasi-static motion, uni-
form pressure distribution in the contact patch and isotropic friction, so that the
center of friction is computable.
There also exists attempts to apply data-driven techniques to the problem of
sliding motion. In [19], the authors record the motion and forces of the slider for
different shape and material. They also present the empirical analysis of sliding
motion. In [20], the authors develop a data-driven but physics-based method for
planar sliding, which approximates the mapping based on limit surface between
frictional loads and motion twists.
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In our previous work [12], we developed a principled method to model line
or surface contact between objects, in which, the effect of contact patch is mod-
eled equivalently as point contact. We called this point equivalent contact point
(ECP). Although this is same as center of friction, it was conceptualized to pre-
vent penetration between contacting objects. We showed that this point can be
computed along with contact wrenches if we formulate a non-linear complemen-
tarity problem that simultaneously solves the contact detection problem along
with the numerical integration of the equations of motion. Note that this is
different from the current paradigm of dynamic simulation, where the contact
detection and numerical integration of the equations of motion are decoupled
and are done in a sequence. Consequently for non-point contact, the contact
detection problem is ill-posed, as there are infinitely many points that are valid
solutions. In this paper, based on our previous general model of equations of
motion for bodies in intermittent contact, we derive a dynamic model for sliding
motion, where the contact patch between slider and ground is equivalently mod-
eled with an ECP. We assume a friction model that is based on maximum power
dissipation principle and it assumes all the possible contact forces or moments
should lie within an ellipsoid (similar to [17]). Note that we do not make any
assumptions about the pressure distribution in the contact patch.
3 Dynamics of Bodies in Contact
In this section, we present the general equations of motion of rigid bodies moving
with respect to each other with non-point contact. For simplicity of exposition
we assume one body to be static. The general equations of motion of the moving
body has three key parts (a) Newton-Euler differential equations of motion giving
state update, (b) algebraic and complementarity constraints modeling the fact
that two rigid bodies cannot penetrate each other and (c) model of the frictional
force and moments acting on the contact patch. Let ν = [vT ωT ]T be the
generalized velocity of the rigid body, where v ∈ R3 is the linear velocity and
ω ∈ R3 is the angular velocity of the rigid body. Let q be the configuration of the
rigid body, which is a concatenated vector of the position and a parameterization
of the orientation of the rigid body.
Newton-Euler Equations of Motion: The Newton-Euler equations of
motion of the rigid body are:
M(q)ν˙ = Wnλn +Wtλt +Woλo +Wrλr + λapp + λvp (1)
where M(q) is the inertia tensor, λapp is the vector of external forces and mo-
ments (including gravity), λvp is the centripetal and Coriolis forces. The mag-
nitude of the normal contact force is λn. The magnitude of tangential contact
forces are λt and λo. The magnitude of the moment due to the tangential contact
forces about the contact normal is λr. The vectors Wn, Wt, Wo and Wr map
the contact forces and moments from the contact point to the center of mass of
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the robot. The expressions of Wn, Wt, Wo and Wr are:
Wn =
[
n
r × n
]
, Wt =
[
t
r × t
]
, Wo =
[
o
r × o
]
, Wr =
[
0
n
]
(2)
where (n, t,o) ∈ R3 are the axes of the contact frame, 0 ∈ R3 is a column vector
with each entry equal to zero. The vector r = [ax − qx, ay − qy, az − qz] is the
vector from ECP, a, to center of mass (CM), where (qx, qy, qz) is the position of
the CM. Please note that Equation (1) is a system of 6 differential equations.
Modeling Rigid body Contact Constraints: The contact model that we
use is a complementarity-based contact model as described in [12,21]. In [12], we
introduced the notion of an equivalent contact point (ECP) to model non-point
contact between objects. Equivalent Contact Point (ECP) is a unique point on
the contact surface that can be used to model the surface (line) contact as point
contact where the integral of the total moment (about the point) due to the
distributed normal force on the contact patch is zero. The ECP defined here
is the same as the center of friction. However, we believe that ECP is an apt
name, because it allows us to enforce constraints of non-penetration between
two rigid bodies. For the special case of planar sliding motion, since there is
always contact, we do not need to write down the equations coming from the
collision detection constraints as done in [21,12] for computing the ECP. These
constraints are trivially satisfied. However, we do need to use the ECP in the
equations of motion as we do in the later sections.
Friction Model: We use a friction model based on the maximum power dis-
sipation principle that generalizes Coulomb’s friction law. The maximum power
dissipation principle states that among all the possible contact forces and mo-
ments that lie within the friction ellipsoid, the forces that maximize the power
dissipation in the contact patch are selected. Mathematically,
max − (vtλt + voλo + vrλr)
s.t.
(
λt
et
)2
+
(
λo
eo
)2
+
(
λr
er
)2
− µ2λ2n ≤ 0
(3)
where λt, λo, and λr are the optimization variables. The parameters, et, eo, and
er are positive constants defining the friction ellipsoid and µ is the coefficient of
friction at the contact [18,22]. We use the contact wrench at ECP to model the
effect of entire distributed contact patch. Therefore vt and vo are the tangential
components of velocity at ECP; vr is the relative angular velocity about the
normal at ECP. Note that, the ellipsoid constraint in our friction model is the
constraint on the friction force and moment that acts on the slider during the
motion. This friction model has been previously proposed in the literature [17]
and has some experimental justification [18]. There is no assumption made on
the nature of the pressure distribution between the two surfaces.
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Using the Fritz-John optimality conditions of Equation (3), we can write [23]:
0 = e2tµλnvt + λtσ (4)
0 = e2oµλnvo + λoσ (5)
0 = e2rµλnvr + λrσ (6)
0 ≤ µ2λ2n − λ2t/e2t − λ2o/e2o − λ2r/e2r ⊥ σ ≥ 0 (7)
where σ is a Lagrange multiplier corresponding to the inequality constraint in (3).
4 Equations of motion for planar sliding
The dynamic model presented in the previous section is a general model for an
object moving on a planar surface with intermittent contact (that can be non-
point) between the object and the surface. In this section, we will assume that
the motion between the two objects is planar sliding and derive a simpler set of
equations that are valid for planar sliding.
Figure 1 shows a schematic sketch of a slider (assumed to be a rigid body)
that has planar surface contact with the support surface. We assume that the
motion of the slider is planar, i.e., the slider can rotate and translate along
the planar support surface but cannot topple or lose contact with the support
surface. Let Fw with origin Ow be the world frame fixed on the support surface.
Let Fs with origin Os be the slider frame attached to the slider’s center of mass
(CM). Note that the coordinates of the CM in the world frame, Fw is (qx, qy,
qz). Since, the slider undergoes planar motion, the configuration of the slider is
q = [qx, qy, θz], where θz is the orientation of Fs relative to Fw. Let Fc with
origin Oc be the contact frame. The origin Oc is the equivalent contact point
(ECP) of the contact patch and we denote the position of Oc in the world frame,
Fw, by a. The axes of Fc are chosen to be parallel to Fw. The generalized velocity
of the slider is ν = [vx, vy, wz], where vx and vy are the x and y components of
the velocity of the center of mass, Os, and wz is the angular velocity about the
z-axis (normal to the plane of the motion).
fi
𝜃"𝒂(𝑶𝒄) 𝑶𝒔𝒓
𝑶𝒘
𝒚,
𝒙,
𝒐 𝒕
𝒙
𝒚
Fig. 1: Slider with square contact patch on the horizontal support plane.
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The external forces acting on the slider includes applied force, gravity force,
normal or support force and frictional force. The generalized applied force is
λapp = [λx, λy, λz, λxτ , λyτ , λzτ ], which includes tangential and normal forces
and moments. The gravitational force is assumed to act at the CM.
4.1 Newton-Euler Equations for planar sliding
For planar motion, the inertia tensor is M(q) = diag(m,m, Iz), where m is
the mass of the slider and Iz represents the moment of inertia about z-axis.
As mentioned in Section 4, the configuration of the slider is q = [qx, qy, θz],
and the generalized velocity is ν = [vx, vy, wz]. The generalized applied force is
λapp = [λx, λy, λz, λxτ , λyτ , λzτ ]. Without loss of generality, we let unit vectors
of the contact frame to be n = [0, 0, 1], t = [1, 0, 0],o = [0, 1, 0]. Consequently,
Wn, Wt, Wo and Wr (Equation (2)) could be written as:
Wn =
00
0
 , Wt =
 10
−(ay − qy)
 , Wo =
 01
ax − qx
 , Wr =
00
1
 (8)
Using (8), and the discussion above, the first, second, and sixth equation in (1),
can be written as:
mv˙x = λt + λx (9)
mv˙y = λo + λy (10)
Izw˙z = λr + λzτ − λt(ay − qy) + λo(ax − qx) (11)
Since, we are assuming that contact is always maintained, the third equation
in (1) becomes λn+λz−mg = 0. Furthermore, based on Equations (13) and (14)
below, we can derive [λxτ (ax − qx) + λyτ (ay − qy)]/(qz − az) = −λt(ay − qy) +
λo(ax − qx). It makes Equation (11) to be:
Izw˙z = λr + λzτ + [λxτ (ax − qx) + λyτ (ay − qy)]/(qz − az) (12)
4.2 Expressions for the ECP
The fourth and fifth equations in (1), which governs the angular accelerations
w˙x and w˙y, are
Ixw˙x = λxτ + λn(ay − qy)− λo(az − qz) + Iywywz − Izwywz (13)
Iyw˙y = λyτ − λn(ax − qx) + λt(az − qz)− Ixwxwz + Izwxwz (14)
where Ix and Iy are the moment of inertia about the x and y axis respectively.
Since the motion is planar, the slider can only rotate about z-axis, i.e., w˙x =
w˙y = 0. Equations 13 and 14 provide us the expressions for ECP:
ax = (λyτ − λtqz)/λn + qx (15)
ay = (−λxτ − λoqz)/λn + qy (16)
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Equations (15) and (16) provide us a expressions for ECP based on the friction
forces. From the equations one can deduce that when qz = 0, the ECP (ax, ay)
would be just beneath the CM, i.e., (qx, qy). When qz > 0, i.e., CM is above
the support plane, ECP may shift from the projection of the CM on the plane.
Furthermore, the variation of tangential friction forces (λt and λo) or applied
moments (λxτ and λyτ ) would cause the shift of ECP during the motion.
Note that since we have assumed no toppling, we always get a solution for
the ECP. However, we can also use the computed ECP to check whether the
assumption of no toppling is valid. If the ECP lies outside the convex hull of
the contact region between the two objects, the sliding assumption is no longer
valid. This can be used even in the discrete time setting to verify that there is
no toppling.
4.3 Friction Model
For planar sliding, the friction force and moment has to be at the boundary
of the friction ellipsoid. Thus, σ > 0 in the complementarity Equation (7).
Furthermore, the tangential velocity at ECP is [vt, vo]
T = v+w×r, and vr = wz.
Thus:
vt = vx − wz(ay − qy), vo = vy + wz(ax − qx), vr = wz. (17)
Using Equation (17) together with the fact that σ > 0, we can rewrite Equa-
tions (4) to (7) as
0 = µλne
2
t [vx − wz(ay − qy)] + λtσ (18)
0 = µλne
2
o[vy + wz(ax − qx)] + λoσ (19)
0 = µλne
2
rwz + λrσ (20)
0 = µ2λ2n − λ2r/e2r − λ2t/e2t − λ2o/e2o (21)
4.4 Continuous Time Dynamic Model for Planar Sliding
The complete continuous time equations of motion for planar sliding are given by
(a) the Newton-Euler equations, (Equations (9), (10) and (12)) (b) the expression
for ECP (Equations (15) and (16) ) and (c) the friction model (Equations (18)
to (21)). Note that the kinematic map q˙ = ν is also required.
4.5 Discrete-time dynamic model
We use backward Euler time-stepping scheme to discretize the continuous equa-
tions of planar sliding motion. Let tu denote the current time and h be the
duration of the time step, the superscript u represents the beginning of the cur-
rent time and the superscript u + 1 represents the end of the current time. Let
ν˙ ≈ (νu+1 − νu)/h and the impulse p(.) = hλ(.). Equations (9), (10) and (12)
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become
m(vu+1x − vux) = pu+1t + pux (22)
m(vu+1y − vuy ) = pu+1o + puy (23)
Iz(w
u+1
z − wuz ) = pu+1r + puzτ (24)
Using Equations (22) to (24) and the backward Euler discretization, we can
rewrite Equations Equations (18) to (21) as
0 = µpne
2
t
(
vux +
pu+1t + p
u
x
m
+
(puxτ + p
u+1
o qz)[w
u
z + (p
u+1
r + p
u
zτ )/Iz]
pn
)
+ pu+1t σ
u+1
(25)
0 = µpne
2
o
(
vuy +
pu+1o + p
u
y
m
+
(puyτ − pu+1t qz)[wuz + (pu+1r + puzτ )/Iz]
pn
)
+ pu+1o σ
u+1
(26)
0 = µpne
2
r[w
u
z + (p
u+1
r + p
u
zτ )/Iz] + p
u+1
r σ
u+1 (27)
0 = µ2p2n − (pu+1r /er)2 − (pu+1t /et)2 − (pu+1o /eo)2 (28)
The equations (25) to (28) is a system of four quadratic equations in the 4
unknowns, pt, po, pr, and σ at the end of the time-step (i.e., with the superscript
u + 1). After solving these system of equations we can obtain the velocities at
the end of the time step, vx, vy, ωz from the linear equations (22) to (24). The
ECPs can be found from Equations (15) and (16). Thus, the solution of the
dynamic time-stepping problem essentially reduces to the solution of 4 quadratic
equations in 4 variables.
5 Closed Form Equations For Planar Sliding Motion
In this section, we study some special cases of planar sliding motion, where we
can obtain a closed form solution for the motion as well as the contact wrenches.
The two special cases are that of quasi-static sliding, where we know the velocity
of the contact point between the slider and pusher and pure translation.
Quasi-static sliding motion: In quasi-static sliding, the inertial force can
be neglected and the frictional forces dominate the motion of the slider. We
assume that the quasi-static sliding is due to an applied force with components
λx and λy acting on the boundary of the slider at position (xc, yc). The associated
applied torque about the z-axis is λzτ . Based on the equations of sliding motion
(Equations (9) to (11)), the quasi-static motion assumption implies that the
friction force and applied force should balance with each other (i.e., λt = −λx,
λo = −λy, λr = −λzτ ). We take vcx, vcy, the velocity components at (xc, yc) as
the input. This basically says that the point of application of the force can vary
during the motion. Thus, the motion of the slider depends on (vcx, vcy). Now,
vx = vcx + wz(yc − qy), vy = vcy − wz(xc − qx). (29)
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Furthermore, the friction moment about normal axis balances with the ap-
plied moment and it can be defined by the components of friction force:
λr = (xc − qx)λo − (yc − qy)λt (30)
Quasi-static model assumes that the ECP or center of friction is just beneath
the CM, i.e., ax = qx, ay = qy. In addition, the model assumes isotropic friction,
which implies et = eo. We define the parameter c = er/et. From Equation (18)
to (20), we get:
vx
wz
= c2
λt
λr
,
vy
wz
= c2
λo
λr
(31)
From the above discussion, using Equations (29) to (31), we can get the closed
form expressions for the velocity of the slider (vx, vy, wz):
vx =
[c2 + (xc − qx)2]vcx + (xc − qx)(yc − qy)vcy
c2 + (xc − qx)2 + (yc − qy)2 (32)
vy =
[c2 + (yc − qy)2]vcy + (xc − qx)(yc − qy)vcx
c2 + (xc − qx)2 + (yc − qy)2 (33)
wz =
(xc − qx)vy − (yc − qy)vx
c2
(34)
In [8], the authors also present the closed form solutions for computing the
velocity of the slider with quasi-static motion. Note that, if we assume the origin
at the CM, i.e., qx = qy = 0, the Equations (32) to (33) would be equivalent to
the equations of quasi-static motion in [8].
Pure translation: In this subsection, we derive the closed form expression
for pure translation. During pure translation, all the points in the slider move in
the same direction. Thus, the slider’s angular velocity remain zero, i.e., wz = 0.
In this case, we derive the closed form formula for the friction impulses that acts
on the slider during the motion. Furthermore, we derive the equations of pure
translation motion.
The derivation is based on our discrete-time dynamic model (Equations (25)
to (28)). Because wz = 0 for each time step, based on Equation (27), the fric-
tional angular impulse pr = 0. Therefore, Equations (25), (26) and (28) can be
simplified as:
pu+1t =
−e2tµpn(mvux + pux)
mσu+1 + e2tµpn
(35)
pu+1o =
−e2oµpn(mvuy + puy )
mσu+1 + e2oµpn
(36)
µ2p2n = (p
u+1
t /et)
2 + (pu+1o /eo)
2 (37)
Then substituting Equations (35) and (36) into (37), we get:
(mvux + p
u
x)
2
(mσu+1 + e2tµpn)
2
+
(mvuy + p
u
y )
2
(mσu+1 + e2oµpn)
2
= 1 (38)
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Given the isotropic friction assumption, i.e., et = eo, we get:
mσu+1 + e2tµpn =
√
(mvux + p
u
x)
2 + (mvuy + p
u
y )
2 (39)
Thus, the analytical solutions for friction impulse are:
pu+1t =
−e2tµpn(mvux + pux)√
(mvux + p
u
x)
2 + (mvuy + p
u
y )
2
(40)
pu+1o =
−e2oµpn(mvuy + puy )√
(mvux + p
u
x)
2 + (mvuy + p
u
y )
2
(41)
Therefore, we can solve for the velocities from:
vu+1x = (p
u+1
t + p
u
x)/m+ v
u
x , v
u+1
y = (p
u+1
o + p
u
y )/m+ v
u
y . (42)
where pu+1t and p
u+1
o are given by Equations (40) and (41).
6 Numerical Results
In the preceding section, we derived the closed form expressions for computing
the velocities of the slider for quasi-static motion and pure translation with
isotropic friction assumption. For the general planar sliding motion there does
not exist analytical solutions. Therefore, here, we present numerical solutions
based on the discrete-time model of quadratic equations that we developed and
compare the results with the full nonlinearity complementarity problem (NCP)
formulation from [12], where we do not assume a priori that the motion is planar.
The first example is of a slider with square contact patch sliding on a hor-
izontal surface. We compare solutions from the scheme in this paper to that
from [12] to validate our technique against our previous NCP-based approach,
which gives the correct solution. In our second example, we simulate the sliding
motion with a ring-shaped contact patch. This example demonstrates that the
quadratic model presented in this paper can simulate the sliding motion with
wide range of contact shapes (either convex or non-convex). Furthermore, it is
not possible to use a few (say four) contact points chosen in an ad-hoc fashion
to model the contact patch. In the third example, we provide a scenario of the
slider being pushed with external force. The external force acts on one side of
the slider and its position is fixed. The magnitude of external force is periodic
and is always perpendicular to the slider. We use this example to show that the
slider with external force can be modeled with our scheme.
We use ’fsolve’ in MATLAB, which uses a trust region (’trust-region-dogleg’)
algorithm to solve the quadratic model. We use PATH complementarity solver [24]
to solve the NCP-based model as well as the quadratic model derived in this pa-
per. We compare the average time taken per time-step based on different models
for all the examples. The average times per time -step are shown in Table 1.
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Since the algorithm in [12] assumes convex contact patch, the second example
could not be solved with this approach. Hence there is no data for this exam-
ple in Table 1. As can be seen from the examples, the quadratic model solved
in PATH gives consistently better performance. The duration of simulation is
shown in paranthesis besides the Example number in Table 1. All the examples
are implemented in Matlab and run times are obtained on a Macbook Pro with
2.6 GHZ processor and 16 GB RAM.
Methods Example 1 (0.45s) Example 2 (0.6s) Example 3 (3s)
NCP-based Model (PATH) 0.0064s 0.0064s 0.0036s
Quadratic Model (PATH) 0.0024s 0.0026s 0.0014s
Quadratic Model (’fsolve’) 0.0099s 0.0083s 0.0058s
Table 1: Average time taken for each step based on different methods
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(a) Linear velocity based on our quadratic
model (vx and vy) is same as the solution
from our NCP-based model(vxp and vyp).
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(b) Snapshot of slider’s motion. CM and
ECP based on discrete-time model (qx, qy
and ax, ay) coincide with the result based
on NCP model (qxp, qyp and axp, ayp).
Fig. 2: Slider with square contact patch slides on the surface without external
forces. During motion, the ECP varies within the contact patch.
Slider on a plane without external forcing: In this example, we let a
slider with square contact patch slide on the surface. The time step chosen for
our discrete-time formula and geometric time-stepping scheme is h = 0.01s and
simulation time is 0.45s. The coefficient of friction between slider and support
plane is µ = 0.31, and the friction ellipsoid’s given positive constants are: et =
eo = 1, er = 0.01m. The mass of the slider is m = 0.5kg, and acceleration due to
gravity is g = 9.8m/s2. The slider slides on the surface without external force. Its
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(a)
(b)
Fig. 3: (a) Non-convex contact patch (shaded yellow) between slider and the
support. The black dot is the projection of slider’s CM on support, and the red
dot is one valid position of the ECP, which may not be in the contact patch,
but is within the convex hull of the patch. (b) Snapshot of slider’s motion based
on the quadratic model. Red circle and black star markers represent ECP and
CM. During motion, the ECP separates from CM and varies within the contact
patch. When it stops, the ECP is just beneath the CM.
initial position of CM is qx = qy = 0m, qz = 0.08m. Initial orientation is θ = 0
◦.
The initial state of slider is vx = 0.7m/s, vy = 0.9m/s and wz = 10rad/s.
As Figure 3 illustrates, a slider slides on the horizontal supporting surface.
The forces that act on the slider are friction forces and moments. In Figure 2a,
we compute the velocities of the slider (vx and vy) numerically based on our
discrete-time dynamic model (Equations (25) to (28)), and compare it with the
result (vxp and vvp) from NCP-based model. There exists no difference between
two results (within numerical tolerance of 1e− 6 ), which validates our method.
In addition, the average time that NCP-based model spends for each time-step
is 0.0064s, our quadratic model’s average time is 0.0024s. This is because our
model essentially is a system of 4 quadratic equations with 4 variables (there are
also a few linear equations afterwards, but the computational cost of those are
negligible) , and thus the size and complexity of the system are much less than
the NCP-based model (in sliding case, the system is composed of 24 nonlinear
equations and unknowns). In Figure 2b, we plot the snapshots of the slider’s
contact patch with CM and ECP at each time step. The contact patch’s shape
is the square with length L = 0.05m and width W = 0.05m. During the motion,
we observe that the position of ECP always separates from the position of CM,
and its relative position to the slider frame Fs changes within the contact patch.
The observation confirms that when the position of center of mass is above the
support plane, acceleration of object would cause the shift of ECP [25].
Sliding motion with ring-shaped contact patch: In this example, the
slider has ring-shaped contact patch with the support. As Figure 3a illustrates,
the contact patch is the ring in yellow, which is non-convex and can not be
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(c) The tangential components of slider’s
translational velocity.
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(d) The snapshot of slider’s motion from
t = 0s to t = 0.6s.
Fig. 4: Slider with square contact patch being pushed by applied force.
represented as the convex hull of three chosen support points. If the ECP or
center of friction is outside the convex hull, then the motion predicted would be
inaccurate.
We use the quadratic model presented in this paper to simulate the motion
of the slider. The time step and friction parameters chosen are same as in first
example. The mass of the slider would be m = 1kg. The initial configuration
of the slider is also same as in first example. The initial state is chosen to be
vx = 1.3m/s, vy = 0.8m/s,wz = 11rad/s. The total simulation time is 0.65s.
In Figure 3b, we plot the snapshot of the ring-shaped contact patch with ECP
and CM at each time step. The radius for the outer circle is 0.1m, while the
radius for the inner circle is 0.05m. During the sliding motion, the ECP always
separates from CM. When the slider stops, the ECP is just beneath the CM.
Slider being pushed on a plane: In this example, we let the slider be
pushed by applied force on the horizontal plane. The dimension and mass of the
slider as well as the friction parameters (µ, et, eo and er) is same as previous
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example. The initial state of slider to be vx = 0.2m/s, vy = 0.3m/s and wz =
0rad/s. The time-step is still 0.01s and simulation time is extended to 3s. During
the motion, as shown in Figure 4d, we apply the force on the left edge of the
square patch. The position of external force on the edge is fixed at 2.5mm below
the middle of the edge. Let applied force always be perpendicular to that side
during the motion. As Figure 4a illustrates, the magnitude of the applied force
is periodic, i.e., Fpush = 2.2 + 2 cos(2pit/T ) N , where the period T = 0.1s.
From Figure 4b, we compute the angular velocity about normal axis wz
based on our quadratic model and wzp based on our NCP-based model. For
Figure 4c, we compute the linear components of velocity vx, vy based on our
quadratic model, and vxp, vxp based on our NCP-based model. For both angular
and tangential velocities, the difference between quadratic and NCP solutions
is within the numerical tolerance of 1e − 6. Figure 4d plot the snapshot of the
slider at each time step between the time period from t = 0s to t = 0.6s.
7 Conclusions
In this paper, we present a quadratic discrete-time dynamic model for solving
the problem of general planar sliding with distributed convex contact patch.
Previous method assumes quasi-static motion or chooses multiple contact points
(usually three) in an ad-hoc manner to approximate the entire contact patch. In
our dynamic model, the effect of contact patch is equivalently modeled as the
contact wrench at the equivalent contact point. During the motion, the balance
of all the external forces and moments including gravity force, applied force and
frictional force fixes the position of ECP. Therefore, by combing the equation
of motion with friction model, we get the quadratic discrete-time model. This
allows us to solve two components of tangential friction impulses, the friction
moment and the slip speed. The state of the slider as well as the ECP can be
computed by solving a system of linear equations once the contact impulses are
computed. In addition, we also provide closed form expression for quasi-static
motion and pure translation motion. We also demonstrate the numerical results
based on our quadratic model and NCP model for the general planar motion of
the slider with or without applied force. In the appendix section, we provide the
closed-form expressions for the friction parameters (µ, et, eo, er) based on our
quadratic discrete-time dynamic model. In the future, we would like to use the
expressions developed for estimating the contact parameters.
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Appendix A: System Identification
In this section, we show that the equations of motion derived for sliding mo-
tion, i.e., Equations (25) to (28) can be used for identifying the parameters of
the friction model. The system identification problem that we consider is as fol-
lows: Given the mass and moment of inertia of the slider (i.e., m and Iz), the
discrete-time trajectory of the slider, i.e., vux , v
u
y , ω
u
z ,∀u, and the history of ap-
plied wrenches, i.e., pux, p
u
y , p
u
xτ , p
u
yτ , p
u
zτ , ∀u, compute the friction parameters
µ, et, eo, and er.
We will now derive closed-form expressions for the friction parameters (µ,
et, eo, er) based on the one-step discrete-time dynamic model (Equations (25)
to (28)). From Equations (25) to (28), by algebraic simplification, we obtain
e2tµ =
(
pu+1t
pn
)2
+
pu+1t p
u+1
o v
u+1
o
p2nv
u+1
t
+
pu+1t p
u+1
r v
u+1
r
p2nv
u+1
t
(43)(
eo
et
)2
=
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u+1
t
pu+1t v
u+1
o
;
(
er
et
)2
=
pu+1r v
u+1
t
pu+1t v
u+1
r
(44)
where friction impulses pu+1t , p
u+1
o , p
u+1
r and velocity components v
u+1
t , v
u+1
o ,
vu+1r are computable based on trajectory of the slider and history of applied
wrenches.
pu+1t = m(v
u+1
x − vux)− pux
pu+1o = m(v
u+1
y − vuy )− puy
pu+1r = Iz(w
u+1
z − wuz )− puzτ
vu+1t = v
u+1
x − wu+1z (−puxτ − pu+1o qz)/pn
vu+1o = v
u+1
y + w
u+1
z (p
u
yτ − pu+1t qz)/pn
vu+1r = w
u+1
z
(45)
Note that Equations 43 and 44 provide us the closed-form expressions for etµ
(the coefficient of friction along t axis of contact frame), eoet and
er
et
. Based on
Equation 3, parameters et, eo, er, µ would be redundant to determine the friction
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ellipsoid. Thus, we choose etµ,
eo
et
, eret as our friction parameters, which would be
sufficient to determine the friction ellipsoid.
If the friction parameters are constant and the measurements noiseless, then
the one-step estimate of the friction parameters should be the same across all
time-steps and the estimate from just one step allows us to identify the param-
eters. However, in practice, the measurement of velocity of the slider as well as
the applied wrenches are noisy. Therefore, we have to use statistical estimation
techniques to obtain estimate of the contact parameters. The development of the
estimation techniques is left as future work. However, the fact that the friction
parameters can be expressed in closed form makes the estimation problem easier.
